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Exciton-polaritons can condense to a macroscopic quantum state through a non-equilibrium pro-
cess of pumping and decay. In recent experiments, polariton condensates are used to observe, for
a short time, nonlinear Josephson phenomena by coupling two condensates. However, it is still not
clear how these phenomena are affected by the pumping and decay at long times and how the cou-
pling alters the polariton condensation. Here, we consider a polariton Josephson junction pumped
on one side and study its dynamics within a mean-field theory. The Josephson current is found to
give rise to multi-stability of the stationary states, which are sensitive to the initial conditions and
incoherent noises. These states can be attributed to either the self-trapping effect or the parity-time
(PT) symmetry of the system. These results can be used to explain the emission spectra and the
pi-phase locking observed in recent experiments. We further predict that the multi-stability can re-
duce to the self-trapped state if the PT symmetry is broken. Moreover, the polaritons can condense
even below the threshold, exhibiting hysteresis.
PACS numbers: 03.75.Kk,71.36.+c
I. INTRODUCTION
Exciton-polaritons, i.e., quasi-particles composed of
cavity photons and quantum-well excitons in semicon-
ducting microcavities, have recently been demonstrated
to form a Bose-Einstein condensate (BEC) due to their
light effective mass originating from the photonic part.1–5
The exciton-polariton BEC can be used to investigate
macroscopic quantum effects in semiconducting systems,
such as superfluidity6,7 and quantized vortices.8,9 In addi-
tion, the well-known Josephson effects can be exhibited in
a bosonic Josephson junction (BJJ), i.e., two coherently
coupled condensates confined in a double-well potential.
Besides the phase-difference-induced current (d.c. effect)
and the detuning-induced oscillations (a.c. effect) ob-
served in superconducting and helium superfluid systems,
the interaction between the condensate bosons leads to
nonlinear effects when the boson number increases, such
as anharmonic oscillations and initial-imbalance-induced
trapping toward one site (called macroscopic quantum
self-trapping).10 These phenomena were first observed in
87Rb condensates,11 and have also been demonstrated re-
cently in exciton-polariton BJJs with disordered double
wells12 and semiconductor micropillars.13
Since the lifetime of exciton-polaritons is about tens
to hundreds of picoseconds, an optical pumping is neces-
sary to compensate both the radiative and non-radiative
decay of the polaritons. Therefore, the condensates are
formed in such a non-equilibrium process. At low tem-
peratures, one can use a non-resonant pumping to ex-
cite higher-energy excitons, which rapidly relax to form
an incoherent polariton reservoir at the bottleneck of
the lower-energy polariton band through the exciton-
phonon interactions. The polaritons are then stimulat-
edly scattered (or cooled) into the ground state to achieve
condensation with spontaneous coherence, provided that
the incoherent polariton density reaches the threshold
density.1,14 The polariton reservoir drastically changes
the Bogoliubov dispersion of the elementary excitations
for condensates with conserved particle numbers, leading
to a diffusive behavior in the long wavelength regime and
the dynamical instability for the reservoir lifetime being
comparable to the condensate.15,16
While the dynamics of the polariton BJJ for differ-
ent regimes can be accessed by a pulsed resonant ex-
citation that gives the appropriate initial conditions,13
the short-time behavior of the polariton BJJ is also af-
fected by the reservoir, e.g., the spontaneous coherent
oscillations driven by a non-resonant pumping covering
the double well.12 In addition to these short-time oscil-
lations, the non-equilibrium process with a continuous-
wave (cw) pumping laser would also alter the behav-
ior at long times. It has been studied17 that under
equivalent pumping on both sides, the synchronization
of the condensates with a single eigen-energy can be de-
stroyed by the potential difference across the junction,
where a long-time a.c. Josephson oscillation exists in
the desynchronized phase.18 A similar synchronization-
desyncronization phase transition was also observed19 in
microcavities with in-plane disorder.
In this work, we consider a different situation: a polari-
ton BJJ with a single non-resonant pumping focused on
one side [Fig. 1(a)]. This has been realized in recent ex-
periments using a pumping laser with small enough spot
size.13,20 In contrast with the regime under equivalent
pumping,17,18 no a.c. Josephson oscillations are found
even in the presence of potential difference. We will
present the multiple stability induced by the Josephson
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2current, as well as its effect on the threshold pumping.
Furthermore, we also find the possibility of condensation
even below the threshold.
II. GENERALIZED GROSS-PITAEVSKII
EQUATIONS
Our analysis is based on the generalized Gross-
Pitaevskii equation (GPE) of the BJJ wave functions
~Ψ ≡ (Ψ1,Ψ2)T ≡ (
√
Nc1e
iϕ1 ,
√
Nc2e
iϕ2)T ,
i
d
dt
~Ψ = H~Ψ , (1)
coupled to a rate equation describing the reservoir.16,17
The nonlinear and non-Hermitian Hamiltonian is written
as
H ≡
(
E1 −J
−J E2
)
,
Ej ≡ j + Vj (NRj) + Uj |Ψj |2 , (2)
where j is the single-particle ground state energy, Uj is
the condensate charging energy, and J is the tunneling
between the two sites. Here the local dispersion is ignored
and we only consider the ground-state wave function of
each site, as shown in Fig. 1(b).
The complex effective potential Vj is given by
Vj (NRj) ≡
(
g˜
Aj
NRj + GjPj
)
+
i
2
[Rj (NRj)− γj ]
≡ V Rj (NRj) + iV Ij (NRj) , (3)
and it depends on the number of reservoir polaritons
NRj(t) and the pumping strength Pj , where g˜ is the inter-
action between the condensate and reservoir polaritons,
Aj is approximately the distribution area of the reser-
voir, Gj corresponds to the interaction between the con-
densate and high-energy excitons,21 and γj is the decay
of the condensates. The term Rj (NRj) is the stimulated
scattering from the reservoir to the condensate, and, for
simplicity, we only consider it as a linear function, i.e.
Rj (NRj) ≡ R′jNRj . The rate equation of the reservoir
on the pumped site is given by
d
dt
NR1 = P1 − γR1NR1 −R1(NR1)|Ψ1|2 , (4)
where the reservoir decay γR1 and scattering loss are bal-
anced by the laser pumping P1. We can ignore NR2 due
to the weak diffusion of the reservoir polaritons.16 The
interaction terms in V Rj can be treated as the effective
potential energies together with j . We ignore j and V
R
j
in Sec. III, and the effects of these potential differences
(detuning) will be discussed later in V A.
III. STATIONARY STATES
A. Non-condensed solutions
A trivial solution is that no polaritons are condensed
and the reservoir-polariton number is proportional to the
pumping from (4). By linearizing Eq. (1), the fluctuation
spectrum can be derived as
ω
(0)
± =
1
2
(
E
(0)
1 + E
(0)
2
)
± 1
2
√(
E
(0)
1 − E(0)2
)2
+ 4J2 ,
(5)
where E
(0)
j is given by Eq. (2) with
~Ψ = 0. As shown
in Fig. 2, the threshold pumping Pth = γR1NRth can
be determined by the first point of Im[ω
(0)
± ] = 0, where
the non-condensed solution becomes unstable. For J =
0, the threshold reduces to the single-BEC case with
R1(NRth) = γ1. It increases with J until NRth reaches a
saturation point with R1(NRth) = γ1 + γ2.
B. Real spectrum of the condensates
In general, the spectrum of the non-Hermitian Hamil-
tonian H is a complex function of the polariton num-
bers of the condensates and the reservoir. To solve the
nonzero stationary states, ~Ψ(t) ≡ ~Ψ(0)e−iΩt, and NR1,
we have to search for the real spectrum, i.e.,
Ω± =
1
2
(E1 + E2)± 1
2
√
(E1 − E2)2 + 4J2 ∈ R . (6)
The stationary states pumped from one side must possess
a finite d.c. Josephson current 2J
√
Nc1Nc2 sin(∆ϕ) to
balance the loss from the other side, and the relative
phase ∆ϕ ≡ ϕ2 − ϕ1 across the BJJ (with respect to
Ω− and Ω+) deviates from 0 and pi, corresponding to the
usual bonding and anti-bonding states with zero current.
Two analytic solutions can be derived from R1(NR1) =
γ1 + γ2; one corresponds to Ω+ and the other to Ω−
(see yellow and green curves in Fig. 3). In this case, the
Hamiltonian possesses parity-time (PT) symmetry, i.e.
E1 = E
∗
2 , where the injection of the condensate polari-
tons at site-1, R1(NR1) − γ1, is equal to the decay at
site-2.22,23 These stationary states only exist with a real
spectrum under the condition
J2 ≥ 1
16
[R1(NR1)− γ1 + γ2]2 = γ
2
2
4
. (7)
Violating this condition by increasing the decay or de-
creasing the tunneling makes the spectrum complex and
leads to spontaneous PT-symmetry breaking.23–27 The
equal sign of Eq. (7) gives the exceptional point, where
these two states coalesce.
For both PT-symmetric states, the condensate polari-
tons are equally populated across the junction,
|Ψ1|2 = |Ψ2|2 = P1 − γR1NR1
R1(NR1)
. (8)
3FIG. 1. (Color online) (a) a polariton Josephson junction made of semiconducting micropillars pumped on one side. (b) the
model of exciton-polariton condensation of the junction. The non-resonant continuous-wave laser is used to excite high-energy
excitons as a pumping to the polariton reservoir, and the resonant pulsed laser can be used to control the initial condition.
By coincidence, these states are created above the thresh-
old because the reservoir polaritons have to be pumped
to the condition NR1 = NRth. The reservoir-polariton
number is kept constant above the threshold and the
total condensate-polariton number (NcT ≡ Nc1 + Nc2)
increases linearly with the pumping [Fig. 3(b, c)].
In general, there exist two other solutions, both cor-
responding to Ω+, with the imbalanced population of
the condensate polaritons ζ ≡ (Nc1 − Nc2)/NcT 6= 0
[Fig. 3(d)]. They are obtained by numerically finding
the roots of Im(Ω) = 0. One solution is localized in
site-1 (the blue curves in Fig. 3), and this localization
is due to the same mechanism of macroscopic quantum
self-trapping for short-time oscillations,10 where the in-
teraction between the condensate polaritons shifts the en-
ergy difference across the BJJ and reduces the Josephson
current. Therefore, increasing the pumping or decreas-
ing the junction tunneling enhances the self-trapping ef-
fect. The other solution is more populated in site-2 with
weaker condensation (the red curves in Fig. 3) and the
self-trapping effect is limited. Increasing the pumping
will drive more polaritons tunneling to the unpumped
site and further reduce the condensation. Thus, the so-
lution reduces to the zero-condensate state above a criti-
cal pumping. Interestingly, the imbalanced states appear
even below the threshold. We will show later that the po-
lariton BJJ exhibits bistability below the threshold.
C. Multiple stability
In order to determine which states can be observed ex-
perimentally, the stability is analyzed by calculating the
complex spectrum of deviation from stationary states.
However, we do not employ the usual derivation of the
elementary excitations by directly linearizing Eq. (1),
which includes both the phase terms ϕ1 and ϕ2. This is
because only the phase difference is physically meaning-
ful without considering the local dispersion. Instead, we
derive the equations of motion of the phase difference ∆ϕ
and the population imbalance ζ, similar to the conserved
BEC systems,10 and take into account the additional de-
grees of freedom, i.e. the total condensate-polariton num-
ber NcT and the reservoir-polariton number NR1. The
equations of motions are given by
ζ˙ = V I12
(
1− ζ2)− 2J√1− ζ2 sin(∆ϕ)
∆ϕ˙ = 12 + V
R
12 +
(
U12
2
+ U¯ζ
)
NcT
+ 2J
ζ√
1− ζ2 cos (∆ϕ) (9)
N˙cT =
[
2V¯ I + V I12ζ
]
NcT
N˙R1 = P1 − γR1NR1 −R1(NR1)NcT 1 + ζ
2
,
where
U¯ ≡ U1 + U2
2
U12 ≡ U1 − U2 (10)
and similar definitions are applied to V
R/I
j and j . The
term 12 + V
R
12 corresponds to the effective detuning in-
cluding the reservoir polaritons and high-energy excitons.
By linearizing Eq. (9), we can calculate the fluctuation
spectrum and analyze the dynamical stability with re-
spect to the stationary states.
Figure 3(e) shows the maximum imaginary part of the
fluctuation spectrum. One of the PT-symmetric states
Ω− is always stable and the other Ω+ becomes unstable
when increasing P1. As for the imbalanced states, the
self-trapped state is stable except for a small region below
the threshold, and the other one (untrapped state) is
generally unstable unless it is close to the PT state with
Ω+. This leads to multi-stability of the condensation
resulting from the polariton tunneling.
Below threshold, there exists a bistable regime with a
self-trapped condensed state and a non-condensed state.
The bistability can be explained by damped oscillations
of the polariton BJJ. The self-trapping oscillations occur
if the initial polariton number is larger than a critical
value [U¯NcT (0)/2J > Λc], with a suitable range of the
initial imbalance ζ(0),10 and it is eventually damped to
4FIG. 2. (Color online) (a) The imaginary part of the ex-
citation spectrum ω(0) without condensation. (b) Threshold
pumping Pth as a function of the Josephson coupling strength
J with and without the detuning ∆ε12, where Pth is defined
as the first point of Im[ω
(0)
± ] = 0 in (a). The decay rates
are γ1 = γ2 = 0.1 meV, which are close to the micropillar
experiment, γR1 = 0.5 meV, and R
′
1 = 0.01 meV.
the imbalanced equilibrium position ζ(t→∞) > 0. Oth-
erwise, the oscillations are damped to a balanced state
with ζ(t → ∞) = 0, and from the condition N˙cT = 0 in
(9) the condensation must vanish unless the threshold is
reached. If the pumping strength is increased from zero,
the non-condensed state holds without initial condensa-
tion and becomes unstable across the threshold. The self-
trapped state dominates just above the threshold due to
the minute occupation of the other states. After then, the
above-critical polariton number keeps the condensation
when the pumping decreases. Thus the hysteresis of con-
densation could be experimentally observed by cyclically
increasing and decreasing the pumping near the thresh-
old, provided that the fluctuation of pumping intensity
is reduced, e.g., by employing a cw diode laser.28,29
Above the threshold, the multiple stable states are also
determined by the initial values. When the self-trapping
condition is not satisfied, the condensates evolve to other
stable states. In conserved BJJs,10 for |∆ϕ(0)| ≤ pi/2,
the self trapping occurs in the running-phase modes pro-
vided ζ(0) > ζc, while for |∆ϕ(0)| > pi/2, it could be
either in the running-phase modes or the pi-phase modes,
depending on both NcT (0) and ζ(0). The suitable range
of ζ(0) is altered by the reservoir and the decay, and a
large initial imbalance generally induces the self trapping.
We have shown that, for zero detuning, the self-trapped
state must be antibonding-like with a phase difference
close to pi, even if the initial phase is zero [Fig. 3(f)]. This
can be understood by the running phase being damped
to (2n + 1)pi and eventually reaching the antibonding-
like stationary state. One notes that the damped run-
ning phase and pi-phase locking have been observed in a
recent experiment.13 This phenomenon seems to be dif-
ferent from our case because the eigen-energy is never
real without pumping, i.e., no stationary condensate is
achieved. We also derive an oscillator model to explain
the pi-phase locking either with or without the stationary
condensation in the next section.
In order to experimentally observe the behavior of each
stable state, an additional pulsed laser resonant with the
polariton energy band is necessary to coherently excite
the system, before the incoherent pumping is applied.
The initial conditions of the condensate polaritons can
be well controlled by exploiting this technique, where
an arbitrary population imbalance in a linear combina-
tion of bonding and antibonding states can be created.13
For comparison, another system, in which the incoherent
pumping is replaced by a cw resonant laser, is discussed
here. Under the long-time coherent pumping, the dy-
namics is essentially different from our study. No reser-
voir polaritons are excited and the stationary states de-
pend on the laser frequency.3 In this case, a regime of
optical bistability exists for a single condensate with the
pumping frequency larger than the ground-state energy
of polaritons.30 The tunneling of a polariton BJJ, un-
der one-side pumping, further gives rise to several un-
stable regimes for large pumping amplitudes.31 How-
ever, in our study, there exists at least one stable state
(zero-condensate or self-trapping state) for all pumping
strength.
5FIG. 3. (Color online) Signatures of four stationary condensate states with respect to the pumping strength P1: (a) Energy
spectrum corresponding to the real eigenvalues Ω+ or Ω−; (b) reservoir-polariton number NR1 in response to the condensates;
(c) total condensate-polariton number NcT ; (d) population imbalance ζ; (e) stability determined by the maximum imaginary
part of the fluctuation spectrum; and (f) phase difference ∆ϕ. These states are not necessarily orthogonal with each other
due to the nonlinearity, and they can be classified into two groups. The solid blue and dash-dotted red curves represent the
asymmetric (self-trapped and untrapped) states, and both of them are anti-bonding states (Ω+) with phase difference close
to pi. The thick yellow and dashed green curves correspond to the PT-symmetric states with Ω+ and Ω−, respectively, and
they coincide in (b-d) except having different energy and phase. Above the threshold, two (for large pumping) to three (for
small pumping) states are stable. Below the threshold there exists a hysteresis behavior between the self-trapped state and the
non-condensed state, shown by the blue-dashed vertical lines in (c). The threshold pumping Pth = 10 is determined by the
non-condensed state, which is shown by the black lines [not shown in (d) and (f)] and becomes unstable above the threshold.
The parameters used are 1 = 2 = 0, U1 = U2 = 0.01 meV, γ1 = γ2 = 0.1 meV, γR1 = 0.5 meV, R
′
1 = 0.01 meV, and J = 0.1
meV.
IV. OSCILLATOR MODEL
A. Self-trapping regime
Figure 4 shows, for zero detuning, the pi-phase locking
of the self-trapped states in a non-equilibrium polariton
BJJ by solving Eq. (9), either with or without stationary
condensation. For the non-condensed case, our results
agree well with the experiment.13 It has been predicted
that the imbalance of self-trapping eventually evolves
into an oscillatory regime after the polariton number
drops below the critical value.32 However, the mechanism
of pi-phase locking is not understood yet.
Here, we derive a nonlinear dissipated-oscillator model
from (9) with, U12 = 0, in order to further understand the
mechanism of this phenomenon. Under the self-trapping
conditions, η ≡√1− ζ2(t) 1 and ζ(t) ≈ 1−η > 0, the
system can reduce to a second-order differential equation
∆ϕ¨(t) ≈ U¯N˙cT (t)− 2J
(
1− η
η
)
sin [∆ϕ(t)] ∆ϕ˙(t)
− 2J2
(
1
η
)
sin[2∆ϕ(t)] +O(η) (11)
corresponding to a pendulum with a position-dependent
dissipation and a decaying driving force U¯N˙cT satisfying
U¯N˙cT ≈
[
2V¯ I + V I12(1− η)
]
U¯NcT . (12)
The angle of the pendulum is defined by 2∆ϕ(t), and
thus the pendulum has minimal potential energy for
6FIG. 4. (Color online) Time dependence of the imbalance
ζ(t), the condensate-polariton number NcT (t), and the phase
difference ∆ϕ(t) of the self-trapped state with zero initial
phase difference for P1 = 11 (a) and P1 = 0 (b). The in-
sets show the pi-phase locking for ∆ϕ(t→∞).
∆ϕ = npi, with n being either odd or even. The angular
velocity is given by
∆ϕ˙ = ∆E + 2J
(
1− η
η
)
cos (∆ϕ) , (13)
where
∆E ≡ 12 + V R12 + U¯(1− η)NcT . (14)
The angular velocity can be zero only for ∆ϕ ∈
(pi/2, 3pi/2), because ∆E > 0 for zero detuning (12 +
V R12 = 0). Hence the pendulum is stable for odd n. If the
initial angular velocity is small, the pendulum oscillates
with small amplitude around the pi phase. Otherwise, it
moves with an increasing phase. The driving force is able
to decelerate the running phase and to lock the pi phase
before U¯N˙cT ≈ 0, as long as NcT (0) is large enough.
This model can be also extended to the regime of
nonzero detuning. From the condition ∆E > 0 in
Eq. (13), the pi-phase locking holds for positive detuning
and small negative detuning, i.e., 12 + V
R
12 > −U¯NcT .
Otherwise, the phase will be locked around zero for large
negative detuning. Thus, we can unify the phase-locking
phenomenon for both the condensed and non-condensed
cases. A main difference between these two cases is the
population imbalance after the phase is locked. For the
non-condensed case, NcT decays to zero and the self-
trapping (η  1) no longer holds. However, the phase is
still locked because the angular velocity has been decel-
erated to be small.
B. Josephson regime
In contrast to the self-trapping regime, the dynamics of
a.c. Josephson oscillations can be investigated in the limit
of |ζ|  1. In the Josephson regime, i.e., U¯NcT  J , the
equations of motion (9) can be simplified as
ζ˙ ≈ V I12 − 2J sin(∆ϕ) ,
∆ϕ˙ ≈ 12 + V R12 + U¯NcT ζ , (15)
with N˙cT ≈ 0 and N˙R1 ≈ 0. This model mimics a su-
perconducting Josephson junction applied by an extra
d.c. current source V I12 > 0 due to the one-side pump-
ing. For zero detuning 12 + V
R
12 = 0, the population
is balanced and the states possess the PT symmetry, as
long as the current source is smaller than the critical
current 2J . This corresponds to the d.c. Josephson ef-
fect, where the phase differences for bonding and anti-
bonding states are determined by the ratio of V I12 and
2J , with 0 < sin(∆ϕ) ≤ 1. If V I12 > 2J , the popula-
tion imbalance will deviate from the limit of |ζ|  1 by
charging across the junction, and eventually evolve to
the self-trapped state. This is exactly the spontaneous
PT-symmetry breaking from Eq. (7).
For the cases of equivalent pumping (V I12 = 0),
17,18
the condensates are desynchronized when the detuning is
larger than a critical value, resembling the a.c. Josephson
effect driven by a bias voltage. However, the d.c. current
source results in a finite average charging rate 〈ζ˙(t)〉 > 0,
which either balances the bias voltage to lock the running
phase in the Josephson regime, or drives the population
into the self-trapping regime. Therefore, the a.c. oscil-
lations in our study are washed out by the d.c. current
drive, and the condensates are always synchronized. Al-
though the stationary population is asymmetric in the
presence of detuning, a phenomenon similar to the spon-
taneous PT-symmetry breaking can still take place since
7the charging rate ζ˙ is dominated by the competition be-
tween V I12 and 2J .
V. DISCUSSION
A. Detuning effects
It is important to consider the interaction between
the condensate and reservoir polaritons, as well as that
between the condensate polaritons and high-energy ex-
citons, which are responsible for, above threshold, the
blue shift of the polariton energy band in the order of
meVs.33 Under the one-side pumping, the blue shift of
the pumped side induces an energy difference across the
polariton BJJ. On the other hand, a difference of the con-
finement potential between the pillars might take place
during the fabrication process. These effects contribute
to the effective detuning term ∆ε12 ≡ 12+V R12 in Eq. (9).
In order to analyze the detuning effects, all particle
numbers of the stationary states can be represented as
functions of the stimulated scattering R1, i.e.,
Nc1 = Nc1(R1) ≥ 0
NR1(R1) =
R1
R′1
≥ 0 (16)
Nc2(R1) =
R1 − γ1
γ2
Nc1(R1) ≥ 0 ,
and the corresponding pumping can be derived from
Eq. (4), i.e.,
P1(R1) = γR1NR1(R1) +R1Nc1(R1) ≥ 0 . (17)
The condensate number of the first site Nc1 and the
pumping strength P1 are solved by Ω±[Nc1(R1), R1] ∈ R
from Eq. (6), as shown in Fig. 5. In general, the states
with R1  γ1+γ2 (0.2 meV here) are unstable since they
are close to the non-condensed states.
In the presence of detuning, the PT-symmetric states
and the asymmetric states are hybridized near the thresh-
old. From Fig. 2(b), the threshold of a polariton BJJ re-
duces to that of a single condensate by increasing |∆ε12|.
This is similar to the mechanism that the Rabi oscilla-
tions in a double-quantum-dot system are suppressed by
detuning. For positive detuning, the self-trapped state is
still antibonding and appears at lower pumping strength
(the dashed blue curve close to R1 = 0.1 in Fig. 5).
The other states appear with a finite polariton number
at larger pumping strength. For negative detuning, the
bonding state with zero phase dominates the self trap-
ping near the threshold (the dash-dotted red curve close
to R1 = 0.1), and it becomes more PT-symmetric (close
to R1 = 0.2) when the the antibonding states (the dash-
dotted blue curve) emerge with increasing P1. These are
related to the previous discussed criterion ∆E > 0 of
pi-phase locking. The interactions between condensate
polaritons and incoherent polaritons (and excitons) con-
tribute to a positive detuning (V R12 > 0). Due to the re-
duced threshold, the bistability below Pth could become
insignificant. However, a negative potential difference
12 < 0 can recover this bistable regime.
At high condensate density, the hybridization becomes
weak, and all the states reduce asymptotically to the
PT-symmetric and asymmetric states without detuning.
The nonlinear effects, such as the long-time self trap-
ping and the spontaneous PT-symmetry breaking, even-
tually reduce to the situation in III. One notes that, in
the presence of detuning, the condition of PT symme-
try E1 = E
∗
2 cannot be satisfied. However, the PT-
symmetry-like states can still exhibit similar signatures,
as discussed in IV B. Therefore, the polariton BJJ, as a
macroscopic quantum system, can be used to experimen-
tally investigate the PT-symmetry breaking by tuning
the center-to-center distance between two pillars, where
this phenomenon has been observed only for classical sys-
tems that mimic a non-Hermitian Hamiltonian.25
B. Photoluminescence
Our results can give further insight on the micropillar
experiment,20 where several states with different energies
are found above the threshold in the spectrally-resolved
emission distribution. Similar phenomena were also ob-
served in CdTe microcavities with spatial photonic po-
tential disorder.28,29 This phenomenon can be attributed
to the coexistence of multiple stable states resulting from
incoherent initial conditions or noises.28,34 When the ini-
tial condition is not specifically controlled by an addi-
tional resonant pumping as in Ref. 13, the fluctuations
of population imbalance and phase difference could cause
simultaneous condensation into multiple stable states.
This can be analyzed by adding a noise term into the
GPE.34
Figure 6 shows simulations of the spectrally-resolved
emission distribution from the stable states in Fig. 3. Al-
though the interactions among these states are ignored
in our simplified model, the signatures in the experi-
ment of Ref. 20 can still be qualitatively captured by the
multi-stability. Close to the threshold [Fig. 6(a)], there
are three available states, i.e., the PT-symmetric states
(both bonding and antibonding) at the two bottom lev-
els as well as the self-trapped state at the highest level.
The self-trapped state has a much stronger condensation
than the other two states owing to the localization of the
stimulated scattering. A spatial shift of both the bot-
tom states to the unpumped site was observed in the
experiment, and this can be attributed to the repulsive
interactions with the self-trapped states and the pumping
spot.
At high pumping [Fig. 6(b)], the anti-bonding symmet-
ric state becomes unstable, and the emission spectrum
is dominated by the self-trapped state and the bonding
symmetric state. As mentioned, a positive detuning must
8FIG. 5. (Color online) Detuning effects of the stationary states: (a) The number Nc1 of condensate polaritons at the pumped
side for the stationary solutions with R1 ≥ γ1 = 0.1 meV and (b) the corresponding pumping P1, both as functions of the
stimulated scattering R1 for three different detunings ∆ε12 ≡ 12 + V R12 . The dark blue and red curves represent antibonding
(Ω+) and bonding (Ω−) asymmetric states, respectively. The green vertical line corresponds to both the PT-symmetric states
(Ω±) for zero detuning. These solutions make sense only for Nc1 ≥ 0 and P1 ≥ 0, i.e., the upper half-plane in (a) and the area
above the thin dashed line (corresponding to P1 = γR1NR1) in (b). The detuning introduces hybridization and anticrossing
between the PT-symmetric and asymmetric states, and changes the dynamics for small pumping. However, increasing the
pumping strength would restore the zero-detuning behavior, i.e., the bistability of the self-trapped state and the PT-symmetric
bonding state.
be introduced by the interactions with the incoherent po-
laritons/excitons, leading to an imbalance of the bottom
state weighted to the unpumped site, in agreement with
the experimental observation. The detuning does not af-
fect the self-trapped state much. However, the bottom
state could be more localized in site-2 due to the inter-
action with the self-trapped state. When the pumping
strength is larger, the reservoir polaritons are not ac-
cumulated more due to the depletion by condensation.
On the other hand, the incoherent excitons which are
inactive to the polariton condensation can increase with
pumping, and thus the detuning increases. As the num-
ber of condensate polaritons also increases, the detuning
in Eq. (15) can be compensated, with a finite imbalance
ζ < 0. As a result, the PT-symmetric-like state exists at
large pumping unless Eq. (7) is violated.
For the microcavities with potential disorder,29 the ob-
served emission intensity lacks of the time-reversal sym-
metry, i.e., I(k) 6= I(−k), and the phase differences of
the wave functions are locked to pi/2. Under equivalent
pumping, with the time-reversal symmetry kept, a radia-
tive coupling can be introduced to explain this symmetry
breaking and the phase locking.34 However, the radiative
coupling seems to be unimportant for micropillars. First,
the observed phase difference for self-trapping is locked
to pi instead of pi/2.13 Second, introducing this coupling
to our model, i.e., J → J + iΓ, will essentially break the
PT symmetry in Eq. (2) and lead to the absence of the
bottom states in Fig. 6, where only the self-trapped state
with a pi/2 phase is left. Accordingly, the Josephson cou-
pling dominates the micropillar system and the radiative
coupling can be ruled out. In addition, a pi/2 phase is
also possible for both the PT-symmetric states near the
exceptional point, where sin(∆ϕ) ≈ 1 in Eq.(15).
VI. SUMMARY
In summary, we have analyzed, within mean-field the-
ory, the dynamics of a polariton Josephson junction
pumped on one side. The reservoir polaritons contribute
to a bias voltage through interacting with the conden-
sate polaritons, as well as a d.c. current source by stim-
ulated scattering together with the decay rates. In con-
trast to the equivalent pumping, there is no long-lived
a.c. Josephson oscillation. Instead, the Josephson cur-
rent induces multiple stable states corresponding to dif-
ferent initial conditions. These states can be attributed
to either the self-trapping effect resulting from the non-
linearity or the parity-time symmetry of the system. The
coexisting states with different energies and the pi-phase
locking observed in recent experiments can be explained
9(a)
-10 -5  0  5  10
x (m)
 0
 1
 2
 3
 4
 5
 6
 
(m
eV
)
 0
 20
 40
 60
 80
 100
Intensity (a.u.)
(b)
-10 -5  0  5  10
x (m)
 0
 1
 2
 3
 4
 5
 6
 
(m
eV
)
 0
 200
 400
 600
 800
Intensity (a.u.)
FIG. 6. (Color online) Simulation of the spectrally-resolved emission distributions derived from the stable states (a) close to
the threshold (with P1 = 11) and (b) at high pumping (with P1 = 50 and an additional potential difference ∆ε12 = 1 meV
induced by the incoherent polaritons and high-energy excitons). The micropillars are centered at x1/2 = ∓5 µm with radii 5
µm. The emission strengths and distributions of the n-th stable state |Ψn(x,Ω)|2 = |Ψ1n(x−x1,Ω−Ωn)+Ψ2n(x−x2,Ω−Ωn)|2
are determined by its energy Ωn, particle numbers, population imbalance, and phase difference, where the spectral and spatial
distributions on each pillar Ψjn(x− xj ,Ω−Ωn) are defined by Gaussian functions. The three states in (a) from bottom to top
are the PT-symmetric Ω− state, the PT-symmetric Ω+ state, and the self-trapped state, respectively. In (b), the PT-symmetric
Ω+ state becomes unstable and only two states are left.
by our results. We also predict the condensation and a
hysteresis phenomenon below the threshold. Moreover,
the spontaneous parity-time symmetry breaking can be
related to the competition between the d.c. current drive
and the critical current of the junction. As a result, this
macroscopic quantum system can be used to investigate
such a phenomenon which has been observed only in clas-
sical systems.
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